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The Green’s function solutions are essential in the development
of the theory of elasticity. They can be employed to study Eshelby’s
inclusion problems (Eshelby, 1957; Seo and Mura, 1979; Chiu,
1980; Gharpuray et al., 1991; Wu and Du, 1995; Rodin, 1996;
Nozaki and Taya, 1997; Beom and Earmme, 1999; Beom and
Kim, 1999; Xu and Wang, 2005; Zou et al., 2010) and to investigate
crack problems (Erdogan et al., 1974; Erdogan and Gupta, 1975;
Patton and Santare, 1990; Anlas and Santare, 1993; Wang and
Hasebe, 2000), anticrack problems (Dundurs and Markenscoff,
1989; Markenscoff et al., 1994) and debonded anticrack problems
(Markenscoff and Ni, 1996).
The Green’s function solutions for isotropic laminated plates
have rarely been addressed except the early result by Beom and
Earmme (1998). Very recently, the present authors (Wang and
Zhou, 2014a) derived Green’s function solutions for an inﬁnite
and a semi-inﬁnite Kirchhoff isotropic laminated plate subjected
to concentrated forces, concentrated moments, discontinuous dis-
placements and slopes by using an elegant complex variable for-
mulation for isotropic laminated plates (Beom and Earmme,
1998; Wang and Zhou, 2014b).
This study aims to derive Green’s function solutions for multi-
phase Kirchhoff isotropic laminated plates. More speciﬁcally, we
will derive: (i) Green’s functions for a bimaterial composed of
two bonded dissimilar isotropic laminated semi-inﬁnite plates;(ii) Green’s functions for a circular elastic inclusion embedded in
an inﬁnite isotropic laminated plate; (iii) Green’s functions for a
composite space composed of an arbitrary number of wedges of
different isotropic laminated plates; (iv) Green’s functions for an
isotropic laminated plate containing an elliptical hole or elliptical
rigid inclusion; (v) Green’s functions for an isotropic laminated
plate with a parabolic boundary.
The obtained Green’s functions can be used to formulate bound-
ary integral method to solve general laminar plate problems. More-
over, the Green’s functions can be used to derive the Eshebly
tensors for homogenization of heterogeneous laminar plates,
which have been done only for classical thin plates and Mindlin
plates (see for example, Li, 2000a,b). It is expected that the
obtained analytical results can also ﬁnd potential applications in
modern heterogeneous membranes (Mohammadi et al., 2014).
In fact, Mohammadi et al. (2014) only addressed a simpler case
in which the out-of-plane deformation is decoupled from the
in-plane behavior.2. Complex variable formulation
Consider a plate of uniform thickness h composed of isotropic
linear elastic material that can be inhomogeneous and laminated
in the thickness direction. The main plane of the plate before defor-
mation is located at x3 ¼ 0 in a Cartesian coordinate system
fxigði ¼ 1;2;3Þ, which is chosen such that the two in-plane dis-
placements ua and the out-of-plane deﬂectionw on the main plane
are decoupled in the equilibrium equations (Beom and Earmme,
1998). This makes it possible to uniquely determine the distance




Semi-infinite plate 2 
Fig. 1. A bimaterial composed of two bonded dissimilar isotropic laminated semi-
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(Beom and Earmme, 1998). It is noted that the Greek indices range
from 1 to 2 hereafter.
The membrane stress resultants Nab ¼ Qrab, bending moments
Mab ¼ Qx3rab with rab being the in-plane stresses and
Qð  Þ ¼ R hh0h0 ð  Þdx3, transverse shearing forces Rb ¼ Mab;a, in-
plane displacements, out-of-plane deﬂection and slopes
#a ¼ w;a on the main plane of the plate, and the four stress func-
tions ua and ga can be expressed by four complex potentials /ðzÞ,
wðzÞ, UðzÞ and WðzÞ with z ¼ x1 þ ix2 ¼ reih as follows (Beom and
























#1þ i#2 ¼UðzÞþ zU0ðzÞþWðzÞ;w¼RefzUðzÞþvðzÞg;
/1þ i/2 ¼ i /ðzÞþ z/0ðzÞþwðzÞ
h i
þ iB UðzÞþ zU0ðzÞþWðzÞ
h i
;










where WðzÞ ¼ v0ðzÞ, and
l ¼ 1
2
ðA11  A12Þ; B ¼ B12; D ¼ D11; mA ¼ A12A11 ;
mD ¼ D12
D11
; jA ¼ 3A11  A12
A11 þ A12 ¼
3 mA
1þ mA ;
jD ¼ 3D11 þ D12
D11  D12 ¼
3þ mD
1 mD : ð3Þ
The ﬁve elastic constants A11;A12;B12;D11 and D12 refer to the
work by Beom and Earmme (1998). The membrane stress resul-
tants, bending moments, transverse shearing forces, and modiﬁed
Kirchhoff transverse shearing forces V1 ¼ R1 þM12;2 and
V2 ¼ R2 þM21;1 can be expressed by the four stress functions ua










where ab are the components of the two-dimensional permutation
tensor.
If a new coordinate system fx^igði ¼ 1;2;3Þ is established where
x
^
3 ¼ 0 is on the mid-plane and x
^
a ¼ xa, the in-plane displacements
u
^
a and slopes #
^




























































21;1 can also be expressed in
terms of the introduced stress functions u
^





















ð7Þ3. Green’s functions for bimaterials
Consider two dissimilar isotropic laminated semi-inﬁnite plates
perfectly bonded along the real axis, as shown in Fig. 1. The
mid-planes of the two semi-inﬁnite plates are on the same plane. It
is assumed that the singularities are located at z ¼ z0 ðImfz0g > 0Þ
in the upper semi-inﬁnite plate. The subscripts 1 and 2 (or the super-
scripts (1) and (2)) are used to identify the associated quantities in
the upper and lower semi-inﬁnite plates, respectively.
The continuity conditions of displacements and stress resul-





































In order to solve the boundary value problem containing a
straight interface, it is more convenient to introduce the following
new analytic functions:
HkðzÞ ¼ z/0kðzÞ þ wkðzÞ; XkðzÞ ¼ zU0kðzÞ þWkðzÞ; ðk ¼ 1;2Þ: ð9Þ
The principal (or singular) parts of /1ðzÞ, U1ðzÞ, H1ðzÞ and X1ðzÞ
deﬁned in the upper half-plane are /0ðzÞ; U0ðzÞ; H0ðzÞ and X0ðzÞ,
respectively; whilst /2ðzÞ, U2ðzÞ, H2ðzÞ and X2ðzÞ deﬁned in the
lower half-plane are all regular. Explicit expressions of /0ðzÞ;
U0ðzÞ; H0ðzÞ and X0ðzÞ for different singularities have been derived
by Wang and Zhou (2014a) and are listed in Appendix A.
In view of Eqs. (2), (5) and (9), the continuity conditions of dis-
placements and stress resultants across the perfect interface x2 ¼ 0
in Eq. (8) can be expressed in terms of /kðzÞ; UkðzÞ; HkðzÞ and
XkðzÞ ðk ¼ 1;2Þ as
Uþ1 ðzÞ þ X1 ðzÞ ¼ U2 ðzÞ þ Xþ2 ðzÞ;inﬁnite plates. The singularities are located in the upper semi-inﬁnite plate 1.




1 ðzÞ  H1 ðzÞ





2 ðzÞ  Hþ2 ðzÞ
  h^2 U2 ðzÞ þ Xþ2 ðzÞ ;
/þ1 ðzÞ þ H1 ðzÞ þ B1 Uþ1 ðzÞ þ X1 ðzÞ
 












1 ðzÞ  H1 ðzÞ
 
þ h^1 /þ1 ðzÞ þ H1 ðzÞ
 þ h^1B1 Uþ1 ðzÞ þ X1 ðzÞ 









2 ðzÞ  Hþ2 ðzÞ
 
þ h^2 /2 ðzÞ þ Hþ2 ðzÞ
 þ h^2B2 U2 ðzÞ þ Xþ2 ðzÞ ;
Imfzg ¼ 0: ð10Þ
Through simple algebraic operations, Eq. (10) can be recast into
the following equivalent forms:
Uþ1 ðzÞ þ X1 ðzÞ ¼ U2 ðzÞ þ Xþ2 ðzÞ;









1 ðzÞ  H1 ðzÞ




2 ðzÞ  Hþ2 ðzÞ
 







1 ðzÞ X1 ðzÞ





2 ðzÞ Hþ2 ðzÞ
 
þðh^2 h^1Þ /2 ðzÞþ Hþ2 ðzÞ
 




By applying the Liouville’s theorem, we obtain from Eq. (11)
that
X2ðzÞ ¼ U1ðzÞ U0ðzÞ þ X0ðzÞ;
X1ðzÞ ¼ U2ðzÞ U0ðzÞ þ X0ðzÞ;
H2ðzÞ ¼ /1ðzÞ þ ðB1  B2ÞU1ðzÞ  /0ðzÞ  ðB1  B2ÞU0ðzÞ
þ H0ðzÞ þ ðB1  B2ÞX0ðzÞ;
H1ðzÞ ¼ /2ðzÞ þ ðB2  B1ÞU2ðzÞ  /0ðzÞ þ H0ðzÞ:
ð13Þ
By substituting Eq. (13) into Eq. (12) and also applying the Liou-





/1ðzÞ  /0ðzÞ þ H0ðzÞ
 
þ l1 B1  B2 þ 2l2ðh^2  h^1Þ
h i
U1ðzÞ U0ðzÞ þ X0ðzÞ
 
¼ l2 jA1 þ 1
 
H0ðzÞ;
B2  B1 þ 2l2ðh^1  h^2Þ
h i
/1ðzÞ  /0ðzÞ þ H0ðzÞ
 
þ 2l2D1ð3þ mD1 Þ þ 2l2D2 1 mD2
 þ 4l2B1ðh^1  h^2Þ  ðB1  B2Þ2h i
 U1ðzÞ U0ðzÞ þ X0ðzÞ





/2ðzÞ þ l2 B2  B1 þ 2l1ðh^1  h^2Þ
h i
U2ðzÞ ¼ l2 jA1 þ 1
 
/0ðzÞ;
ðB2  B1ÞjA2 þ 2l2ðh^2  h^1Þ
h i
/2ðzÞ
þ 2l2 D1 1 mD1
 þ D2 1 mD2 jD2 þ ðh^2  h^1ÞðB1 þ B2Þh i
U2ðzÞ ¼ 8l2D1U0ðzÞ: ð14ÞConsequently, /kðzÞ and UkðzÞ ðk ¼ 1;2Þ can be obtained by
solving Eq. (14) as
/1ðzÞ¼/0ðzÞþ















2ðl2jA1 þl1Þ D1ð3þmD1 ÞþD2ð1mD2 Þ
 
þ4 B1l2jA1þB2l1




















































































ð16ÞOnce /kðzÞ and UkðzÞ are known,HkðzÞ and XkðzÞ can be obtained by
using the following relationships which are obtained from Eq. (13)
H1ðzÞ ¼ /2ðzÞ þ ðB2  B1ÞU2ðzÞ  /0ðzÞ þH0ðzÞ;
X1ðzÞ ¼ U2ðzÞ  U0ðzÞ þX0ðzÞ;
H2ðzÞ ¼ /1ðzÞ þ ðB1  B2ÞU1ðzÞ
 /0ðzÞ  ðB1  B2ÞU0ðzÞ þH0ðzÞ þ ðB1  B2ÞX0ðzÞ;
X2ðzÞ ¼ U1ðzÞ  U0ðzÞ þX0ðzÞ:
ð17Þ
The above derived eight complex potentials /kðzÞ, UkðzÞ, HkðzÞ
and XkðzÞ ðk ¼ 1;2Þ in the upper and lower half-planes can be more
concisely expressed into
/ðzÞ ¼
/0ðzÞ þP11 H0ðzÞ þP12 X0ðzÞ; Imfzg > 0




U0ðzÞ þP21 H0ðzÞ þP22 X0ðzÞ; Imfzg > 0




H0ðzÞ þ K11 þ ðB2  B1ÞK21½ /0ðzÞ
þ K12 þ ðB2  B1Þð1þK22Þ½ U0ðzÞ; Imfzg > 0
ð1þP11Þ þ ðB1  B2ÞP21½ H0ðzÞ





X0ðzÞ þK21/0ðzÞ þK22 U0ðzÞ; Imfzg > 0
P21H0ðzÞ þ ð1þP22ÞX0ðzÞ; Imfzg < 0
(
; ð18Þ
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P11 ¼
ðjA1 þ 1Þ 2l2 D1ð3þ mD1 Þ þD2ð1 mD2 Þ
 þ 4B1l2ðh^1  h^2Þ  ðB1  B2Þ2h i
2ðl2jA1 þl1Þ½D1ð3þ mD1 Þ þD2ð1 mD2 Þ
þ4ðB1l2jA1 þ B2l1Þðh^1  h^2Þ jA1ðB1 B2Þ2 þ 4l1l2ðh^1  h^2Þ
2
 !  1;
P12 ¼
8l1D1 B2  B1 þ2l2ðh^1  h^2Þ
h i
2ðl2jA1 þl1Þ D1ð3þ mD1 Þ þD2ð1 mD2 Þ
 
þ4 B1l2jA1 þ B2l1










2ðl2jA1 þl1Þ½D1ð3þ mD1 Þ þD2ð1 mD2 Þ
þ4 B1l2jA1 þ B2l1
 ðh^1  h^2Þ jA1ðB1  B2Þ2 þ 4l1l2ðh^1  h^2Þ2
 ! 1;
ð19ÞK11 ¼



















2ðl1jA2þl2Þ D1ð1mD1 ÞþD2ð3þmD2 Þ
 
þ4 B1l2þB2l1jA2





2ðl1jA2þl2Þ D1ð1mD1 ÞþD2ð3þmD2 Þ
 
þ4 B1l2þB2l1jA2
 ðh^2 h^1ÞjA2ðB1B2Þ2þ4l1l2ðh^1 h^2Þ2
 !1:
ð20Þ4. Green’s functions for a circular inclusion
Consider a circular elastic inclusion of radius R perfectly bonded
to an inﬁnite isotropic laminated plate (the matrix), as shown in
Fig. 2. The center of the circular inclusion is at origin, and the
mid-planes of the inclusion and the matrix are on the same plane.
Assume that the singularities are located at z ¼ z0 ðjz0j > RÞ in the
matrix. The subscripts 1 and 2 are used to identify the quantities in
the surrounding matrix and in the internal inclusion, respectively.
The results in the previous section can be judiciously used to con-





Inclusion 2  
Γ
Fig. 2. An inﬁnite isotropic laminated plate containing a circular elastic inclusion of
radius R. The singularities are located in the surrounding matrix.In order to solve the boundary value problem containing a cir-





/0kðzÞ þ wkðzÞ; XkðzÞ ¼
R2
z
U0kðzÞ þWkðzÞ; ðk ¼ 1;2Þ:
ð21Þ
The principal parts of /1ðzÞ, U1ðzÞ, H1ðzÞ and X1ðzÞ deﬁned in
jzj > R are /0ðzÞ, U0ðzÞ, H0ðzÞ and X0ðzÞ, respectively; the principal





respectively (now both /02ð0Þ and U02ð0Þ are still unknowns); both
/2ðzÞ and U2ðzÞ deﬁned in jzj < R are regular. The speciﬁc expres-
sions of these principal parts for different singularities are listed
in Appendix B.
In view of the above fact, /1ðzÞ, U1ðzÞ, /2ðzÞ and U2ðzÞ can then
be derived by using the results in the previous section (more spe-
ciﬁcally Eq. (18)) as
/1ðzÞ¼/0ðzÞþ
2l1













































  ðB2B1ÞjA1 þ2l1ðh^2 h^1Þh i/02ð0Þþ8D2ðl2jA1þl1ÞU02ð0Þh iR2z
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 ðB1  B2Þ
þ2l2 l1ðjA2  1Þ þ l2ðjA2 þ 3Þ
 ðh^1  h^2Þ
 !
D1ð1 mD1 Þ þ D2ð3þ mD2 Þ
 
þ ðB1  B2ÞjA2 þ 2l2ðh^1  h^2Þ
h i
 4 B2l1ðjA2  1Þ þ 2B1l2
 ðh^2  h^1Þ  ðjA2  1ÞðB1  B2Þ2 þ 8l1l2ðh^1  h^2Þ2h i










2 l1jA2 þ l2
 
l1ðjA2  1Þ þ 2l2
 




2ðjA2  1Þl21 þ ð3jA2  1Þl1l2 þ ðjA2 þ 1Þl22
 




jA2 l1ðjA2  1Þ þ 2l2


































 ðh^1 h^2ÞþjA2ðB1B2Þ24l1l2ðh^1 h^2Þ2
 !
U02ð0Þ







2 l2 þ l1jA2
 ðB1  B2Þ þ 2l2ðl1 h
 D1ð1 mD1 Þ þ D2ð3þ mD2 Þ
 
þ4 l2B1 þ jA2l1B2
 ðB1  B2Þðh^2  h^1




2l1 l1jA2 þ l2
 
D2ð3þ mD2 Þ þ D1ð1 m

þ2 B1l2ðl1 þ l2Þ þ B2 2jA2l21 þ l1l2







D2The parameters /02ð0Þ and U02ð0Þ can then be uniquely deter-






D1ð1mD1 ÞþD2ð3þmD2 Þþðh^2 h^1ÞðB1þB2Þ
h i
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Fig. 3. A composite space consisting of an arbitrary number of wedges of different
isotropic laminated plates. The singularities are located at z = 0.




























2l1 D2ð3þ mD2 Þ þ D1ð1 mD1 Þ
 
þ4B2l1ðh^2  h^1Þ  ðB1  B2Þ2
i
þl2 B1  B2 þ 2l1ðh^2  h^1Þ
h i








Because the in-plane displacements are given by
~ua ¼ ua  x3w;a, thus Im /02ð0Þ
 
characterizes the rigid-body rota-

















which indicates that once /00ð0Þ is known, the rotation can be
immediately arrived at. For example, if the singularity is a pure dis-
location with the Burgers vectors b ¼ u^1 þ iu^2 and d ¼ #^1 þ i#^2, then




Once /kðzÞ and UkðzÞ ðk ¼ 1;2Þ are known, HkðzÞ and XkðzÞ can
then be obtained by using the following relationships:
















/02ð0Þ þ ðB2  B1ÞU02ð0Þ
 
;












































Apparently, the solution by Dundurs and Mura (1964) can be
considered as a special case in this discussion when
h^1 ¼ h^2 ¼ B1 ¼ B2 ¼ 0 (i.e., both the inclusion and the surrounding
matrix are homogeneous in their thickness directions).
5. Green’s functions for composite space
Consider a composite space consisting of n wedges of different
isotropic laminated plates, as shown in Fig. 3. The angle of wedge j
is hjð0 < hj < 2pÞ. Apparently,
Pn
j¼1hj ¼ 2p. The mid-planes of all
the n wedges are on the same plane. The composite space is
subjected to in-plane concentrated forces N^a and concentrated
moments M^a at z ¼ 0; meanwhile there are jumps in in-plane dis-
placements of magnitude u^a and in slopes of the magnitude #^a, of
the mid-plane of the plate counterclockwise enclosing any contour
surrounding the point z ¼ 0. It is stressed that in this section,N^a; M^a; u^a and #^a are measured in the coordinate system
fx^igði ¼ 1;2;3Þ with the common mid-plane of the plates on
x
^
3 ¼ 0. The subscript j is used to denote the associated quantities
in wedge j. The complex potentials in the nwedges take the follow-
ing forms:
/jðzÞ ¼ aj ln z; UjðzÞ ¼ bj ln z; wjðzÞ ¼ cj ln z; WjðzÞ
¼ dj ln z; ðj ¼ 1;2; . . . ;nÞ; ð33Þ
where aj, bj, cj and dj are complex constants to be determined.
Similar to the argument by Ting (1996), the continuity condi-
tions of displacements and stress resultants across the interface









a be continuous. As a result, the following restrictions
are established:
jAj aj  cj
2lj
 h^jðbj þ djÞ ¼ g1; bj þ dj ¼ g2;
aj þ cj þ Bjðbj þ djÞ ¼ g3;




jAj aj  cj
 	
þ h^jðaj þ cjÞ þ h^jBjðbj þ djÞ ¼ g4;
ð34Þ
where g1, g2, g3 and g4 are the same for all the wedges. It follows
from the above expression that aj, bj, cj and dj ðj ¼ 1;2; . . . ;nÞ can
be expressed in terms of g1, g2, g3 and g4 as follows
aj ¼




2ljg1  2h^jlj þ BjjAj
 	




Bjg1 þ Djð1 mDj Þ  h^jBj
h i




Bjg1 þ Djð3þ mDj Þ þ h^jBj
h i
g2 þ h^jg3  g4
4Dj
; ðj ¼ 1;2; . . . ;nÞ
ð35Þ
By enforcing the following boundary conditions (Cheng and
Reddy, 2003)









































with b ¼ u^1 þ iu^2, d ¼ #^1 þ i#^2, N ¼ N^1 þ iN^2 and M ¼ M^1 þ iM^2, g1,









k11 k12 k13 k14
k21 k22 k14 k24
k31 k32 k11 k21


























































































hj Djð1mDj Þð3þmDj Þ
B2j ð3mAj Þ
2lj






Once g1, g2, g3 and g4 are known, aj, bj, cj and dj ðj ¼ 1;2; . . . ; nÞ can
be determined by using Eq. (35). Consequently, the complex poten-
tials in all the n different wedges are obtained. Interestingly, the
obtained complex potentials in all the n wedges are invariant under
coordinate rotations about the x3-axis with the vectors b, d,M and N
rotating at the same angle as the coordinates.
6. Green’s functions for a laminated plate with an elliptical
boundary
Consider an inﬁnite isotropic laminated plate containing an
elliptical hole or a ﬁxed rigid inclusion, as shown in Fig. 4. The
elliptical boundary is described by C : x21=a
2 þ x22=b2 ¼ 1, where a
and b are respectively the semi-major and semi-minor axes of
the hole or inclusion. The singularities are located at z ¼ z0 in the
laminated plate.
We introduce the following conformal mapping function
z ¼ xðnÞ ¼ R nþm
n
 














Hole or fixed rigid inclusion 
Γ
a
Infinite laminated plate 
Fig. 4. An inﬁnite isotropic laminated plate containing an elliptical hole or ﬁxed
rigid inclusion. The singularities are located outside the ellipse C.where R ¼ ðaþ bÞ=2 and m ¼ ða bÞ=ðaþ bÞð0 6 m < 1Þ. By using
the above mapping function, the exterior of the ellipse can be
mapped onto the exterior of the unit circle in the n-plane, and in
particular, the boundary C is mapped onto jnj ¼ 1. For convenience,
we adopt /ðnÞ ¼ /ðxðnÞÞ, wðnÞ ¼ wðxðnÞÞ, UðnÞ ¼ UðxðnÞÞ and
WðnÞ ¼ WðxðnÞÞ. In order to solve the boundary value problem con-
taining an elliptical boundary, it is more convenient to introduce
the following new analytic functions:
HðnÞ ¼ xð1=nÞ
x0ðnÞ /
0ðnÞ þ wðnÞ; XðnÞ ¼ xð1=nÞ
x0ðnÞ U
0ðnÞ þWðnÞ: ð40Þ
The principal parts of /ðnÞ, UðnÞ,HðnÞ and XðnÞ deﬁned in jnj > 1
are /0ðnÞ, U0ðnÞ, H0ðnÞ and X0ðnÞ, respectively. The speciﬁc expres-
sions of these principal parts for different singularities are listed in
Appendix C.
Thus, if the laminated plate contains a ﬁxed rigid elliptical
inclusion, the four complex potentials /ðnÞ, UðnÞ, HðnÞ and XðnÞ
can be simply derived as




HðnÞ ¼ H0ðnÞ þ jA/0ð1=nÞ;
UðnÞ ¼ U0ðnÞ  X0ð1=nÞ;
XðnÞ ¼ X0ðnÞ  U0ð1=nÞ:
ð41Þ
If the laminated plate contains an elliptical hole, /ðnÞ, UðnÞ,HðnÞ
and XðnÞ can be simply derived as
/ðnÞ ¼ /0ðnÞ 
2lDð1 mDÞjD þ B2
h i
H0ð1=nÞ þ 8BlDX0ð1=nÞ
2lDð1 mDÞjD  B2jA ;
HðnÞ ¼ H0ðnÞ 
2lDð1 mDÞ þ B2jA
h i
/0ð1=nÞ þ 8BlDU0ð1=nÞ
2lDð1 mDÞ  B2 ;
UðzÞ ¼ U0ðnÞ þ
BðjA þ 1Þ H0ð1=nÞ þ 2lDð1 mDÞ þ B2jA
h i
X0ð1=nÞ
2lDð1 mDÞjD  B2jA ;
XðnÞ ¼ X0ðnÞ þ
BðjA þ 1Þ/0ð1=nÞ þ 2lDð1 mDÞjD þ B2
h i
U0ð1=nÞ
2lDð1 mDÞ  B2 :
ð42Þ
In principle, the Green’s functions for an isotropic laminated
plate containing an arbitrarily shaped hole or rigid inclusion can
be derived once the conformal mapping function is known. How-
ever, in the case of an arbitrarily shaped hole or rigid inclusion,
the analysis will become more involved because now additional
singularities of unknown magnitudes need to be handled
(see e.g., Wang and Hasebe, 2000).
7. Green’s functions for a laminated plate with a parabolic
boundary
Finally, consider an inﬁnite isotropic laminated plate containing
a parabolic free edge or rigidly clamped edge. The plate occupies
the region
x2 6 ax21; a > 0 ð43Þ
and the parabolic boundary is described by C : x2 ¼ ax21. The singu-
larities are located at z ¼ z0 in the laminated plate.
We introduce the following conformal mapping function (Ting
et al., 2001)
z ¼ xðnÞ ¼ nþ ian2; n ¼ x1ðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4iazp  1
2ia
; Imfng 6 0;
ð44Þ
2928 X. Wang, K. Zhou / International Journal of Solids and Structures 51 (2014) 2921–2930which maps the parabolaC onto the real axis in the n-plane, and the
region below C onto the lower half-plane in the n-plane. In order to
solve the boundary value problem containing a parabolic boundary,




0ðnÞ þ wðnÞ; XðnÞ ¼ xðnÞ
x0ðnÞU
0ðnÞ þWðnÞ: ð45Þ
The principal parts of /ðnÞ, UðnÞ, HðnÞ and XðnÞ deﬁned in
Imfng < 0 are /0ðnÞ, U0ðnÞ, H0ðnÞ and X0ðnÞ, respectively. The
expressions of these principal parts for different singularities are
listed in Appendix D.
Thus, if the laminated plate contains a parabolic rigidly clamped
edge, the four complex potentials /ðnÞ, UðnÞ, HðnÞ and XðnÞ can be
simply derived as




HðnÞ ¼ H0ðnÞ þ jA/0ðnÞ;
UðnÞ ¼ U0ðnÞ  X0ðnÞ;
XðnÞ ¼ X0ðnÞ  U0ðnÞ:
ð46Þ
If the laminated plate contains a parabolic free edge, /ðnÞ, UðnÞ,
HðnÞ and XðnÞ can be simply derived as
/ðnÞ ¼ /0ðnÞ 
2lDð1 mDÞjD þ B2
h i
H0ðnÞ þ 8BlDX0ðnÞ
2lDð1 mDÞjD  B2jA ;
HðnÞ ¼ H0ðnÞ 
2lDð1 mDÞ þ B2jA
h i
/0ðnÞ þ 8BlDU0ðnÞ
2lDð1 mDÞ  B2 ;
UðnÞ ¼ U0ðnÞ þ
BðjA þ 1Þ H0ðnÞ þ 2lDð1 mDÞ þ B2jA
h i
X0ðnÞ
2lDð1 mDÞjD  B2jA ;
XðnÞ ¼ X0ðnÞ þ
BðjA þ 1Þ/0ðnÞ þ 2lDð1 mDÞjD þ B2
h i
U0ðnÞ
2lDð1 mDÞ  B2 :
ð47Þ8. Conclusions
In this work, the Green’s function solutions for multi-phase iso-
tropic laminated plates are derived in a manner as uniﬁed as pos-
sible. It is observed from the analyses in Sections 3, 4, 6 and 7 that
once the principal parts of the complex potentials in the phase
with the singularities being located are known, the complex poten-
tials for a bimaterial (Eq. (18)), for a laminated plate containing a
circular elastic inclusion (Eqs. (22), (23) and (32)), for a laminated
plate with an elliptical boundary (Eq. (41) for an elliptical ﬁxed
rigid inclusion and Eq. (42) for an elliptical hole), and for a lami-
nated plate with a parabolic boundary (Eq. (46) for a parabolic rig-
idly clamped edge and Eq. (47) for a parabolic free edge) can be
written down immediately. Our results in Sections 3, 4 and 5 for
composite plate structures can be slightly modiﬁed to include
the more general case in which x
^
3 ¼ 0 in the common coordinate
system fx^igði ¼ 1;2;3Þ is on an arbitrary plane. In this case, it is
enough to redeﬁne h^ in Eq. (6) as h^ ¼ h1  h0, where h1 is the dis-
tance between the plane x
^
3 ¼ 0 and the lower surface of the com-
ponent plate.
The obtained Green’s functions of a point dislocation with dis-
continuous in-plane displacements u^a and slopes #^a in Sections
3, 4, 6 and 7 can be expediently used to study crack problems in
these laminated plate structures.Acknowledgements
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Appendix A
The upper semi-inﬁnite plate of the bimaterial is subjected to
concentrated forces N^i and concentrated moments M^i at the point
z ¼ z0. Meanwhile, there are jumps in in-plane displacements of
magnitude u^a, in deﬂection of magnitude w^, and in slopes of the
magnitude #^a, of the main plane of the plate counterclockwise
enclosing any contour surrounding the point z ¼ z0. The principal
parts /0ðzÞ, U0ðzÞ, H0ðzÞ and X0ðzÞ, which were derived by Wang
and Zhou (2014a), are listed below for different singularities.
(i) An in-plane concentrated force N ¼ N^1 þ iN^2 and a concen-









lnðz z0Þ þ N2pðjA1 þ 1Þ
z0  z0
z z0 ;




lnðz z0Þ þ M8piD1
z0  z0




H0ðzÞ ¼  l1
b
piðjA1 þ 1Þ
lnðz z0Þ  l1bpiðjA1 þ 1Þ
z0  z0
z z0 ;




lnðz z0Þ þ B1b8piD1
z0  z0









lnðz z0Þ þ B1d2piðjA1 þ 1Þ
z0  z0
z z0 ;







lnðz z0Þ  d2piðjD1 þ 1Þ
z0  z0
z z0 : ðA3Þ(iv) A normal concentrated force N^3, a concentrated moment M^3





U0ðzÞ ¼  N^38pD1 ðz z0Þ lnðz z0Þ;
X0ðzÞ ¼ N^38pD1 ð
z0  z0Þ lnðz z0Þ  w^2pi
1
z z0 : ðA4Þ
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The surrounding matrix is subjected to concentrated forces N^i
and concentrated moments M^i at the point z ¼ z0. Meanwhile,
there are jumps in in-plane displacements of magnitude u^a, in
deﬂection of magnitude w^, and in slopes of the magnitude #^a, of
the main plane of the plate counterclockwise enclosing any con-
tour surrounding the point z ¼ z0. The principal parts /0ðzÞ, U0ðzÞ,
H0ðzÞ and X0ðzÞ are listed below for different singularities.
(i) An in-plane concentrated force N ¼ N^1 þ iN^2 and a con-









lnðz z0Þ þ N2pðjA1 þ 1Þ
jz0j2  R2
z0ðz z0Þ ;




lnðz z0Þ þ M8piD1
jz0j2  R2




H0ðzÞ ¼  l1
b
piðjA1 þ 1Þ
lnðz z0Þ  l1bpiðjA1 þ 1Þ
jz0j2  R2
z0ðz z0Þ ;




lnðz z0Þ þ B1b8piD1
jz0j2  R2









lnðz z0Þ þ B1d2piðjA1 þ 1Þ
jz0j2  R2
z0ðz z0Þ ;







lnðz z0Þ  d2piðjD1 þ 1Þ
jz0j2  R2
z0ðz z0Þ : ðB3Þ(iv) A normal concentrated force N^3, a concentrated moment









lnðz z0Þ  w^2pi
1
z z0 : ðB4ÞAppendix C
The laminated plate is subjected to concentrated forces N^i and
concentrated moments M^i at the point z ¼ z0 outside the ellipse
C. Meanwhile, there are jumps in in-plane displacements of mag-
nitude u^a, deﬂection of magnitude w^, and slopes of the magnitude
#^a, of the main plane of the plate counterclockwise enclosing any
contour surrounding the point z ¼ z0. By using the conformal map-
ping function Eq. (39), z ¼ z0 is mapped to n ¼ n0 ¼ x1ðz0Þ in then-plane. The principal parts /0ðnÞ, U0ðnÞ, H0ðnÞ and X0ðnÞ are listed
below for different singularities.
(i) An in-plane concentrated force N ¼ N^1 þ iN^2 and a con-
centrated moment M ¼ M^1 þ iM^2/0ðnÞ ¼ 
N
2pðjA þ 1Þ lnðn n0Þ;
H0ðnÞ ¼ j
A N



















: ðC1Þ(ii) A pure dislocation with the Burgers vector b ¼ u^1 þ iu^2/0ðnÞ ¼
lb
piðjA þ 1Þ lnðn n0Þ;
H0ðnÞ ¼  l
b





















(iii) A pure dislocation with the Burgers vector d ¼ #^1 þ i#^2/0ðnÞ ¼ 
Bd
2piðjA þ 1Þ lnðn n0Þ;
H0ðnÞ ¼  Bj
Ad








U0ðnÞ ¼ d2piðjD þ 1Þ lnðn n0Þ;
X0ðnÞ ¼ j
Dd







: ðC3Þ(iv) A normal concentrated force N^3, a concentrated moment






U0ðnÞ ¼  N^38pDx
0ðn0Þðn n0Þ lnðn n0Þ;







lnðn n0Þ: ðC4ÞAppendix D
The laminated plate is subjected to concentrated forces N^i and
concentrated moments M^i at the point z ¼ z0 below the parabola
2930 X. Wang, K. Zhou / International Journal of Solids and Structures 51 (2014) 2921–2930C. Meanwhile, there are jumps in in-plane displacements of mag-
nitude u^a, deﬂection of magnitude w^, and slopes of the magnitude
#^a, of the main plane of the plate counterclockwise enclosing any
contour surrounding the point z ¼ z0. By using the conformal
mapping function Eq. (44), z ¼ z0 is mapped to n ¼ n0 ¼ x1ðz0Þ
in the n-plane. The principal parts /0ðnÞ, U0ðnÞ, H0ðnÞ and X0ðnÞ
are listed below for different singularities.
(i) An in-plane concentrated force N ¼ N^1 þ iN^2 and a
concentrated moment M ¼ M^1 þ iM^2/0ðnÞ ¼ 
N
2pðjA þ 1Þ lnðn n0Þ;
H0ðnÞ ¼ j
A N



















: ðD1Þ(ii) A pure dislocation with the Burgers vector b ¼ u^1 þ iu^2
/0ðnÞ ¼
lb
piðjA þ 1Þ lnðn n0Þ;
H0ðnÞ ¼  l
b








U0ðnÞ ¼  Bb8piD lnðn n0Þ;
X0ðnÞ ¼ B
b







: ðD2Þ(iii) A pure dislocation with the Burgers vector d ¼ #^1 þ i#^2/0ðnÞ ¼ 
Bd
2piðjA þ 1Þ lnðn n0Þ;
H0ðnÞ ¼  Bj
Ad








U0ðnÞ ¼ d2piðjD þ 1Þ lnðn n0Þ;
X0ðnÞ ¼ j
Dd







: ðD3Þ(iv) A normal concentrated force N^3, a concentrated moment






U0ðnÞ ¼  N^38pDx
0ðn0Þðn n0Þ lnðn n0Þ;
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